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ARTICLE INFO ABSTRACT
Received 19 April 2021 An edge-coloring of a graph G with consecutive integers c4, ..., ¢; is called an
Accepted 10 June 2021 interval t-coloring if all the colors are used, and the colors of edges incident to
Published 15 June 2021 any vertex of G are distinct and form an interval of integers. A graph G is interval
colorable if it has an interval t-coloring for some positive integer t. For an edge
KEYWORDS coloring @ and a vertex v the set of all the colors of the incident edges of v is
called the spectrum of that vertex in a and is denoted by S, (v). We consider the
trees, interval t-coloring, case where the spectrum for each vertex v is provided S(v), and the problem is
interval edge coloring, to find an edge-coloring « such that for every vertex v, S,(v) = S(V). We
restrictions on spectrums, provide an O(N) algorithm that finds such an edge-coloring for trees that
dynamic programming. satisfies all the restrictions. If it is impossible to have an edge-coloring that

satisfies the restrictions of the spectrums the algorithm will tell that too.
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Introduction. All graphs considered in this paper are undirected (unless explicitly said),
finite, and have no loops or multiple edges. For an undirected graph G, let V(G) and E(G) denote the
sets of vertices and edges of G, respectively. The degree of a vertex v € V(G) is denoted by d (v),
the maximum degree of vertices by A(G). Let T be a tree (a connected undirected acyclic graph).

For a directed graph G if there is an edge from a vertex u to a vertex v we will denote it as u — v
or (u,v) € E((?). The graph G is called the underlying undirected graph of a directed graph G ifvV(G) =

V(G) and E(G) = {(u, v)|iff u » v or v - u} (between any pair of vertices u and v, if the directed
graph has an edge u — v or an edge v — u, the underlying undirected graph includes the edge (u, v)).

For a tree T and a vertex r let T,- be the directed graph whose underlying undirected graph is T
and in T,. each edge is directed in such a way that for all vertices v € T;. there is a path in T,. from r to v.
We will say that T;. is a rooted tree with the root r. Fig. 1 illustrates the rooted tree T, with the root v, .
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Fig. 1. A rooted tree T;,, with the root v,.
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A vertex u is said to be the parent of the vertex v, denoted by p(v) if (u,v) € E(T,) and in
such a case, the vertex v is said to be a child of the vertex u. The children of a vertex v € V(T;.) are
the set of all vertices W < V(T,.) such that (v,w) € E(T,.) for all w € W. A vertex having no children
is said to be a leaf vertex. For a vertex v let ST (v) be the subtree induced by all the vertices w such
that there is a path from v tow in T;. [4].

An edge-coloring of a graph G is an assignment of colors to the edges of the graph so that no two
adjacent edges have the same color. An edge-coloring of a graph G with the colors 1, ..., t is an interval
t-coloring if all the colors are used, and the colors of edges incident to each vertex of G form an interval
of integers. A graph G is interval colorable if it has an interval t-coloring for some positive integer t. The
set of all interval colorable graphs is denoted by 9t. The concept of interval edge-coloring of graphs was
introduced by Asratian and Kamalian [2] in 1987. This means that an interval t-coloring is a function
a:E - {1, ..., t} such that for each edge e the color of that edge a(e) is an integer from 1 to ¢, for each
color from 1 to t there is an edge with that color and for each vertex v all the edges incident to v have
different colors and the set of these colors forms an interval of integers. For an interval coloring @ and a
vertex v the set of all the colors of the incident edges of v is called the spectrum of that vertex in a and is

denoted by S, (v). The smallest and the largest numbers in S, (v) are denoted by S, (v) and S, (V).

In [1] it was shown that every tree is from 9t. In this paper, we consider the case where there
are strict restrictions on the spectrums and the problem is to find an interval t-coloring that meets those
restrictions. In [6] a solution for the simplified version of this problem was provided when the
restrictions are on the spectrums, the restrictions are strict, and all the spectrums contain the color 1. In
[8] another limited version was considered where each vertex had at most one interval of forbidden
colors. In [3] and [9] it was shown that for bipartite graphs with maximum degree equal to 3 and with
strict restrictions on spectrums the problem of finding an interval t-coloring that meets the restrictions
is an NP-complete problem. In [7] another problem with restrictions is considered for bipartite graphs
where the restrictions are provided for one “part” of the bipartite graph.

An O(N) algorithm for edge coloring with given spectrums

We will reduce the interval t-coloring of the tree with restrictions on spectrums to edge-
coloring of a tree with restrictions on spectrums.

Problem 1: Given an arbitrary tree T with N = |V(G)] vertices and given strict spectrum
restrictions [[(v), r(v)] for every vertex v with1 < I(e) <r(e) < Nandr(v) —Il(v) + 1 =d;(v).
Determine whether it’s possible to have an interval t-coloring a: E(G) — {1, ..., N} such that for each
edgee = (u,v), l(w) < a(e) <r(w) and l(v) < a(e) < r(v).

Problem 2: Given an arbitrary tree T with N = |V(G)| vertices and given strict spectrum
restrictions S(v) for every vertex v with |S(v)| = dr(v). Determine whether it’s possible to have an
edge coloring a such that for each edge e = (u, v), a(e) € S(u) and a(e) € S(v).

Note that in Problem 1 we require the restriction spectrums to be intervals while in Problem 2
the restriction spectrums can be arbitrary as long as the number of elements in the spectrum is equal to
the degree of the vertex for all vertices. Problem 1 can be reduced to Problem 2 the following way. First
if Upey(g) [L(v), r(v)] # [1,t] then it’s impossible to have an interval t-coloring since the restrictions
are strict. If the union forms an interval, then we just change the interval restrictions [I(v), r(v)] for each
vertex v to a spectrum restriction S(v) = {{(v), l(v) + 1, ..., r(v)} and solve the second problem. If we
find such an edge-coloring « then that coloring will also satisfy the first problem, because for every
vertex the set of colors of its incident edges will be the [L(v), r(v)] interval.

Now we will provide and O (N) algorithm for the second problem. Without loss of generality,
we can assume that S(v) € {1, ..., N} and can assume N > 2 since the case N = 1 is obvious. In that
case every tree with N > 2 has a vertex v with d-(v) = 1 (a leaf vertex). Let v, be an arbitrary leaf
vertex. We are interested in the rooted tree T,, . Let the vertex connected to v, be v;. In that case T,
would look like the tree shown in Fig. 2.

We are going to solve the problem using dynamic programming on trees. For every vertex v
that has parent p(v) let’s denote the edge (p(v), v) by e,. If we can detect the color of e, for all the
non-root vertices then we will detect the color of all the edges of the tree. Now imagine that for some
vertex v we already calculated the values for its children u,, -+, u; (k = dr(v) — 1) and we have all
the colors ¢; = e, for every 1 < i < k. In that case {cy, ..., ¢} = S(v) and all those colors should be
different, otherwise it would be impossible to continue the coloring since the edge e, is also incident
to vertex v hence its color should be inside S(v). But |S(v) \ {cy, ..., cx}| = 1 this means there is a
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unique color ¢ € S(v) that is not equal to any of the colors cy, ..., ¢, hence a(e,) should be the
color c. Fig. 3 illustrates that.

Fig 3. The colors of the children of vertex v.

This means that we can uniquely identify the color of edges incident to leaf vertices and
construct all the other colors by moving up and subtracting all the used colors. If for some vertex we
already constructed the colors of its children and there is conflict with the restrictions for the vertex v
we can continue constructing the color for the edge e, otherwise there is no coloring that satisfies the
restrictions. Since for each vertex v we would do dr(v) operations for finding the color that is
different from the colors of the edges that connect to its children the complexity of the algorithm will
be Yvev(rm dr(v) =2 |E(T)| < 2 - N hence the algorithm is O(N).

Conclusions. In this article we provided an efficient algorithm for checking and constructing
interval coloring for trees on given strict spectrum restrictions. It uses dynamic programming.
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