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Introduction. Many problems of celestial mechanics, physics and engineering lead to the
investigation of oscillations of systems described by systems of nonlinear ordinary differential equations,
systems of equations in partial derivatives. The methods of studying periodic and quasiperiodic solutions of
such systems are developed quite fully and are described in many fundamental writings [1, 2]. The
development of technical sciences led towards an increasing interest in difference equations, which turned
out to be a very convenient model for describing impulse and discrete dynamic systems, as well as systems
that include digital computing devices [3]. Apart from that, difference equations arise during numerical
solving of many classes of differential equations using the finite difference method.

The development of the theory of difference equations was largely due to the requirements of
practical developments [4].

Wide use of numerical methods in solving differential equations, especially the finite
difference method, led to the demand for a more in-depth study of difference equations.

Recently, a number of works appeared, in which new methods of qualitative analysis and
construction of solutions of differential and difference equations emerging in the theory of nonlinear
oscillations, are developed [5 — 7]. In connection with the new requirements of technical sciences, there is an
urgent need for the construction of new methods for studying oscillatory processes and nonlinear systems.

Recently there is an increasing interest in problems related to systems of differential and difference
equations in the space of bounded numeric sequences. Such systems are called counting systems. The main
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attention of modern studies is paid to the distribution of the above-mentioned class of systems of results
that take place for finite-dimensional systems of differential and difference equations [8, 9].

Research. Consider functional spaces C” (7 N ) , H" (7 N ) )
m’ 2 m’ 2

()
Let f( (p) =l be a function of a Varlablegoe7m, which takes values in 12,

(o)

continuous and periodic in each variable ¢, (a = 1,2,...,m) with period 27 .

A set of such functions forms a linear space, which will be further denoted as C(?m,l 2) ,

where 7 is a torus, which has the dimension m. This space transforms into a complete normed space
m

2
by introduction of the following norm |f|0 = ||f( (o)” , where||f||2 = OZO ‘fi‘ is the norm of
i=1

max
Qe 7m
h i i .
the function f('¢) inspace !/ 5
Denote a partial derivative of the function f((¢) of order p (p > 0) with respect to ¢,

for any o =12,...,m by

1 (p)

f(p)((oa) = n (P)

Consider f(p)((pa )elz.

2) select a subspace C r(7m,12) of those functions, which have their partial

In C(7 ,
m
derivatives with respect to all ?, ( o= 1,2,...,m) of order less or equal than r. The set C" (7m,l 2)

transforms into the complete normed space by introduction of the following norm

A (p)
oy | P

0
where f (p) is any partial derivative with respect ?, (a=12,...,m) oforder p.

Let P( @) be a trigonometric polynomial in / 5 where ¢ e 7m , which means that

Pl( )

where P"( @) is a trigonometric polynomial in C(?m) - the space, studied in [10], for

Vn 21, thus the resulting sum is
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P'(p)= ¥ P! (ks 0) ,
i <N

where k:(kl’kz’""km) lies in the space Zm, elements of which are integers,

(ko) = klgol + k2(p2 ot kmq)m , PZ is a complex number, N any nonnegative integer.

The set of all polynomials with these properties forms a linear subspace, denoted by

( )
m 2

Theorem 1.1. Function f( ¢) € C(?m , 2) can be uniformly approximated by trigonometric

polynomials, thus for VvV f( ¢) eC(?m,lz) there exists a sequence of trigonometric polynomials

P v =12,.., such that the following equality is fulfilled

-
i [7(0) <P ()] -0

for Voe 7m .
Proof: Show that for Vf( @) e C(?m,lz) and Ve>0.

P(p) e P(?m,l 2) such that the following relation holds

|7(0) (o) <= - (1)

Construct such polynomial P(¢) .
Since f( @) e C(?m,lz) , this implies |f( (p)|0 <, s0 there exists a number N such that

o0
z
n=N+1

2
fn((p)‘ <§ for Vpe?, .

(o)

Denote fN(go) = N
(%)

Clearly f N( (p) eC(?m) , Where C(7m) - is the space, studied in [10], as was indicated

above.
By the Weierstrass theorem [1] there exists a trigonometric polynomial PN( p)eC (7m)
such that
N pi con|® < £
max X (o) - N(§0) <5
g0€7m i=1

thus P N( @) uniformly approximates f N( ?) .
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Consider in the space P(?m N, ) the following polynomial

2

Py ()

P(9) = pg(¢) ,
0

that is, first N coordinates of P(¢) correspond to the coordinates of P N( @) and all other

coordinates are equal to 0. Clearly P( @) e P(?m) .

Observe this norm:

2 2
[£(0) ~B(o)| = max [|r(0) ~B(o)||" =

max
pe 7m

. . 2
HORIOIE

o0
< max

(pe7ml:1
N i ; 2 00 ; 2
< mx | )P+ T |0 )=
pe7 i=1 i=N+1
m
N ; ; 2 0 ; 2
< mx 3|0y -P(o) + max T (o) =
pe7 i=1 pe7 i=N+1
m m
g &
S—+—=¢.
2 2
By setting g:l for v=12,.., fing for each g:l from previous considerations a
14 v

trigonometric polynomial Pv( @) which satisfies (1.1).

Thus we have constructed the sequence of trigonometric polynomials

P (¢) ,v=12..,

which uniformly approximates an arbitrary function f( ¢) eC(?m,lz) and the following

equality holds

lim ‘f p)-P (0‘ =0, Vpe7 .
im |10y -2, (9)] =0 voe7,

The proof is complete.

The theorem above implies that the space C (7m 1 2) is the closure in norm |..] 0 of the space
of trigonometric polynomials P(?m N 2) .

Similar result takes place for the spaces C” (7m,l ) , where each of them is the closure in

2

norm |..| - of the space of trigonometric polynomials P(?m 1 2) .
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In that way it is possible to create a chain of Banach spaces, embedded in one another, which

means that

_~0 1
C(7m,12)—C (7m,12)DC (7m,12)3...3

r o0
oC (7m,12):>...DC (7m,12) 2)

© % r( )
where C (7m,12)—rQOC 7m,12

Further, for any two trigonometric polynomials in the space P(?m W 2) of form
p= y p ko)
B

- 0 ei(k,(p)
I[N ¥

the scalar product ( ) ) can be defined by setting

(P, Q) —— [ (P.0) do,..dp =
"7,

o0 . .
where <Pk’Q— K > =3y Pk] 0 f K is the ordinary scalar product of elements from |/ )

Al p2 n
Pk —(Pk,Pk ""’Pk ,) R

The product (3) in P(?m,l 2)

0° defined as follows
2 1 )
IPllg =C PPy g =——— 1 |IPII” do,..do, =

)",
A

By closing P(?m,l 2) in that norm the Hilbert space is obtained, which is denoted by

|’<|| <N

2. .
H 0(7 ,12) . Elements of that space are rows 3 £, (k 0) , where the sum v ” f || is finite.
m

kez™ keZ

For polynomials P and Q for any nonnegative integer r the scalar product (.,.) can be
r

defined by setting similarly to [11] the following

(ro),=( (1-)"ro) -

8
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-
= s (1P (roo,) @
<~
mo g2
where A= Y —— is Laplace operator.
v:laqov

The product (3), (4) induces in the space P(?m,l 2) norm ||..]

- defined as follows:

2 Y 2
P2 =cery = s (P) n

[ < v
By closing the space P(?m,lz) in the norm above the Hilbert space H” (7m,12) is
obtained.
The elements of this space are rows > fx ei(k’(") , for which the sum

kez™
2 I 2 . .
> (1+||k|| )”fk” is finite.
m

kel

Starting from P(?m , 2) we can construct the chain of Hilbert spaces

H(7m,12):H0(7m A )3H1(7m,12) 5.5
DHr(7m,12)D...DHOO(7m,l2) , (5)

e H°°(7m,12)

Il
o8
T

%
=~
3
[\)N
p——

Similar to the result in [10] we can show that the space H r(7m,12) is identified with the

Sobolev space .42(7m,12) of periodic in ¢, (@ =1..,m) withperiod 27 functions, which have

generalized derivatives with respect to ¢ of order r and less thanr.
Conclusions. In the present work the concept of continuous periodic for each variable with

period 27 function, which has values in I, , is introduced. The space of these functions with norm
|--] 0 is denoted as C(?m,lz) . Theorem 1.1 on the approximation of a function of the space

C(?m,lz) by trigonometric polynomials (1), which lie in the space P(?m,lz) , constructed in a

special way, is proven. The chain of Banach spaces (2), embedded in one another with corresponding
norms is constructed:

(71 ) =C( 71 ) 2 (7.1 ) .0

DCr(7m,12)D...DCOO(7m,12) .
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Additionally the norm ||.]|, is introduced. Closure of the space P(?m,l 2) in norm ||..|[,

is Hilbert space H (7m,12) . Considering analogously, the chain of Hilbert spaces (5), embedded in

one another with corresponding norms is obtained:

H('?m,lz):HO('?m A )DHl(‘?m,lz) 5.5
DHr(7m,12)3...DHOO(7m,l2) .
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