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1. Introduction. The problem of multi-criteria decision making — (MCDM) is one of the actual
problem in the theory of decision making [1-2]. From a mathematical point of view, it belongs to the
class of vector optimization problems. The criteria can be divided into two groups: the criteria for which
the maximum value is optimal and the criteria for which the minimum value is optimal. MCDM
problems can be solved with an accuracy of many non-dominated alternatives or many trade-offs.
Obtaining a single solution can only be implemented on the basis of some compromise scheme that
reflects the preferences of the decision maker (DM). Methods for solving this problem can be divided
into two large groups: methods using the aggregation of all alternatives according to all criteria and the
solution of the resulting single criterion problem, the second group is associated with the procedure of
pairwise comparisons and stepwise aggregation. The first group includes methods: weighted average
sum, weighted average product and their various modifications [3-4], the second group includes -
Analytic Hierarchy Process (AHP), Elimination and Choice Translating Reality (ELECTRE), The
Technique for Order of Preference by Similarity to Ideal Solution (TOPSIS), Preference Ranking
Organization Method (PROMETHEE) [5-15]. This paper discusses the fuzzy AHP method.

The method of AHP (Analytic hierarchy process) was proposed in the early 80's one of the greatest
authorities in the field of operations research professor at Pittsburgh University (USA) Thomas Saaty.

An important part of all decision making algorithms is the process of determining the weighting
coefficients of the criteria. In many methods, these coefficients are assigned by an expert, which does not
always lead to adequate values. A main feature of AHP method is original procedure for calculating
weighting coefficients criteria and alternatives on the basis of a single procedure paired comparisons.
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Another feature of the AHP method is the consistent use of structural approach to the problem
of decision making.

The decision making problem is presented as a hierarchical structure - goal-criteria-
alternatives. At present, AHP is the most popular method for solving multi-criteria decision making
problems [3]. AHP's popularity is largely due to the use of intuitive technology paired comparisons
and procedures weighted average. Let's consider the description of AHP.

2. Description of the method

Suppose MCDM is given in the form of a matrix of outcomes (alternatives - criteria) m -
number of criteria n - number of alternatives.

C: C Cs Cnm

Ay
A
Az

An

Fig. 1. MCDM problem representation

AHP is implemented in the form of a sequential multi-stage procedure. At first stage DM
builds a matrix of paired comparisons of criteria, for identifying the rank criterion and accordingly the
weight criteria for calculating global assessment. The ranks of each criterion are calculated on base of
the preference scale and the corresponding indices. Each pair can be defined on a linguistic scale,
mapped to an interval (1-9).

T.Saaty proposed an original scale for evaluating paired comparisons

e 1 -the criteria are of equal importance,

3 - one criterion is somewhat more important than the other,

5 - one criterion is significantly more important than another,

7 - one criterion is undeniably more important than another

9 - one criterion is absolutely more important than another.

The matrix of pairwise comparisons of criteria (m x m) is presented in Fig. 2.

Cy C, . Cm
Ci 1 C./C> C1/Cm
C. C./Cy 1 viiei | oo | C2/Chy
Cs Cs/Cy 1
Cm Cm/Cl Cm/CZ oo an cee an 1

Fig. 2. Pairwise comparison of criterion matrix

Here C;/C; , preference index of C; criterion over C;

In fuzzy AHP (FAHP) are used fuzzy numbers. In this article trapezoidal fuzzy numbers
(TEN) are used.

Definition: Trapezoidal fuzzy number
Trapeziodal fuzzy number, A= (a,b,c,d), has following membership function:

b—a - T
uilx) = 1 b<x<c
xX—c cx<d

T ¢ c<

0 x>d

2 RS Global



International Academy Journal Web of Scholar 1(51), 2021

Alx) e

Fig. 3. Trapezoidal fuzzy number

Let’s consider basic mathtematical operations with two TFT numbers: A, and A,:
Ay = (ay,b1,¢4,d1) Ay = (az, by, ¢5,d3)
Addition
AL © Ay = (a1 +ag, by + by, 01 +¢5,dy +dy)
Subtraction
Ay © Ay =(ay —az, by —bycq — 02'41 —d3)
. =~ ((da,Ab, Ac,Ad) 2> 0
Scalar multiplication 14 = {(Ad, Jc, Ab, Aa) A< 0
Division
A104; = (a1/d12, bi/b,,c1/cs,d1/az)
Inverse A71 = 5~ (1/d'1/C’1/b’1/a)
Ranking function
For ranking alternatives is used the function proposed by R.Yager:
Q=1 _4 2
R(4) —~2(a+d~ —+3)
Let’s A; and A; two TFN numbers,
()  R(4)>R(4;) then 4; > 4;

Paiwise prefernces are defined as follows:

1=(1,1,1,1) — two criteria are of absolutely equal importante

1=(0,1,1.5,2) —one criterion is little more important than the other,

3 =(2,2.5,3.5,4) - one criterion is somewhat more important than the other,
5= (4,4.5,5.5,6) - one criterion is significantly more important than another,
7 =(6,6.5,7.5,8) - one criterion is undeniably more important than another,
9= (8,8.5,9,9) - one criterion is absolutely more important than another.

It is important to note that if the preference C; over C; is 5, then the preference C; over C; is
1/5, this relationship is called inverse symmetry. Logical transitivity must also be performed. If both
conditions are met then the matrix is called consistency, otherwise the inconsistency.

Fuzzy inverse symmetric prefernce will be

171=(1/2,1/1,1,1)

371=(1/4,1/3.5, 1/2.5, 1/2)

5-1=(1/6, 1/5.5, 1/4.5, 1/4)

7-1=(1/8,1/75, 1/6.5, 1/6)

9-1=(1/9, 1/9, 1/ 8.5, 1/8)

RS Global 3
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If is needed intermedia values can be used:
=(1,15,25,3)

=(3,3.54.5,5)

=(5,5.5,6.5,7)

=(7,7.5,85,9)

The corresponding inversy symmetric numbers
271=(1/3,1/2.5, 1/1.5, 1/1)

471=(1/5,1/4.5, 1/3.5, 1/3)

6-1=(1/7,1/6.5, 1/5.5, 1/5)

871=(1/9,1/8.5, 1/7.5, 1/7)

T. Saaty proposed to use as an aggregator average geometric mean

Q01 OV W1 DN

Gi = H?;]_Xi ) (1)

where: X; = C,/C, fuzzy preference index of C; over (;
Next for any row of pairwise preferences matrix we calculate aggregated index and weights of
criterias by formulas:

- - G
§$=2Y%1Gi, , W=7, )
As result we have vector of fuzzy criterias weights :
w = (Wl' Wz, W3 s Wm)

At second stage for any criterion C; are determined pairwise comparison matrix (Fig 4.)

AL Az cee s e An
Al 1| A4, A /A,
A | Ayd | 1 | | ... A,/A,
As Ay /A, 1
U U (I
A | A | A4 T | oo 1

Fig. 4. Matrix of pairwise comparison of alternatives

For any matrix are calculated normalised preference indexes (2)
On base of these indexes the consolidated preference indexes matrix is builded, (Fig. 5.)

Cy C, Cs Cm
Al X11 X12 X13 Xim
Az X21 X2, X33 Xom
Az
An an an Xn3 Xnm

Fig. 5. The consolidated matrix of preferences indexes of all alternatives

At third stage on base of criterion weight for any alternative are calculated global preference

indexes (3):
m
Z wiX1; = By
i=1

LiwiXy; = B, (3)

m
z wiX3; = By
i=1
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At last stage on base of ranking function is detrmined the alternative with maximum of global

preference index.

3. Practice problem solving

As practice problem is considered software selection problem [13-14]. Main criteria are:
C;- functionality,

C;- price,

Cs- usability.

C,— relialability

and four alternatives are proposed.

All calculation were implemented in Ms Excel (Fig. 6).

A B C D E F G H 1 K L M N (¢} P aQ
1 1 1 1 1 1
: e 1 15 a2 | l=ousy
4 2 25 35 [ E:Ffi 55-35-56-;)
Poonon o Rl
7 a b c d 8 g5 9 9 9=(B8339
8 0.3333333 0.4 0.6666667 1
9 1 15 25 3 a b € d
10 0.3333333 04 0.6666667 1 05 1 1 1 i-i= (1/2.11.1.1)
1 1 1 1 1 025 028571 04 05 §'1=(| 4.1/315,125.12)
12 |prod 0.11 0.24 111 3.00 0.16666667 0.18182 0.22222 0.25 Bt = (16, 1/55, 14.5, 1/4)
13 [root 05773503 0.6999271 10266901 1.316074 0.125 013333 0.15385 0.16667 7= (18,1775, 1/6.5,1/6)
14 011111111 ©.11111 0.11765 0.125 §1=(19,1/9,1/85,18)
s —1
:E ? 1%15 ;5 :
13 3 35 45 5
19 14142136 17498178 2.3524425 2.632148 5 5.5 65 7
20 0.4082483 04623948 06493358 0.8408964 7 75 85 9
21 0.7071068 0.8954238 12574334 14564753
22 05773503 0.6999271 1.0266901 1.316074 a b c d
23 sum 3.106918% 3.8075635 5.2859019 6.2455938 033333333 04  D.65667 1 2-1= (13,125, 11.5,11)
24 0.2 0.22227  0.28571 | 0.33333 q-1= (1/5,1/4.5,13.5,13)
25 0.14285714 015385 0.18182 02 G i= (1/7,1/6.5,1/3.5, 1/5)
26 norm 0.2264338 0.3310340 0.6178341 0.8471292 0.11111111  0.11765 0.13333  0.14286 B-1= (19185 175, 1T)
27 0.0653658  0.087477 0.1705384 0.2706528
28 0.1132169 0.1693985 0.3302462 0.4687845
29 0.0924412 0.1324139 0.2696449 0.4235946
Fig. 6. FAHP computation model in Ms Excel
According to FAHP method for 4 criteria were determined pairwise comparison matrix
C: C Cs C,
Ci 1 3 3 2
1 1 1
C / 3 1 / 5 / 5
1 ~ P
Cs /5 2 1 2
1 5 1
Cs / 5 2 / 5 1
At next step on base of formulas (1) and (2) are calculated weight coefficients of all criteria:
w; =(0.23,0.33,0.62,0.85) W, =(0.07,0.0.9,0.17,0.27)
W; = (0.11,0.17,0.33,0.47) W, = (0.09,0.13,0.27,0.42)
For any criterion we determine fuzzy pairwise comparison matrix and preference indexes
C; criterion
Au A, Az Ay Preference index
As 1 1/2 1/§ 2 (0.09, 0.13,0.26, 0.40)
A y 1 y 1/5 | (0.13, 0.20,0.42,0.62)
As 3 15 1 5 | (0.15, 0.23,0.45,0.67)
1 5 1
As /5 2 /5 1 (0.10, 0.14, 0.30, 0.47)
RS Global 5
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C, criterion
Aq A As Ay Preference index
Ar 1 15 3 1/5 | (0.10,0.14,0.24,0.33)
A, g 1 1/§ 5 |(0.18, 0.25,0.43,0.58)
A | s 3 1 3 | (0.15,0.21,0.39, 0.52)
A 7 15 15 1 | (0.10,0.15, 0.29, 0.44)
Cs criterion
As A As Ay Preference index
A 1 1/§ 2 5 (0.11, 0.15, 0.27, 0.38)
A; 3 1 2 2 (0.17, 0.26, 0.50, 0.70)
As 1/2 1/2 1/2 (0.11, 0.15, 0.29, 0.48)
Ay 1/5 1/2 2 1 (0.12, 0.17,0.31, 0.45)
C4 criterion
As A As Ay Preference index
A 1 g 3 s (0.20, 0.26, 0.42, 0.53)
A, 1/3 1 5 2 (0.16, 0.21,0.33, 0.42)
As s e 1 s (0.05, 0.07,0.11, 0.14)
A, 3 1/2 3 1 (0.18, 0.25,0.42, 0.57)

We consolidate all alternative preference indexes in one matrix.
Cs

Cs

Cl C2

(0.09,0.13, 0.26, 0.40)

(0.10, 0.14, 0.24, 0.33)

(0.11, 0.15, 0.27, 0.38)

(0.20, 0.26, 0.42, 0.53)

(0.13,0.20, 0.42, 0.62)

(0.18, 0.25, 0.43, 0.58)

(0.17, 0.26, 0.50, 0.70)

(0.16, 0.21,0.33, 0.42)

(0.15,0.23, 0.45, 0.67)

(0.15, 0.21, 0.39, 0.52)

(0.11, 0.15, 0.29, 0.48)

(0.05, 0.07, 0.11, 0.14)

(0.10, 0.14, 0.30, 0.47)

(0.10, 0.15, 0.29, 0.44)

(0.12,0.17, 0.31, 0.45)

(0.18, 0.25,0.42, 0.57)

alternati

optimal.

For any criterion on base of formula (3) is calculated global preference indexes of

VES!:

B.=(0.06, 0.12, 0.41, 0.83)
B»=(0.07, 0.16, 0.59,1.19)
Bs=(0.06, 0.13, 0.47, 0.99)
B4=(0.06, 0.12, 0.45, 0.97)
For any alternative is calculated ranking function:

R(A1)= 0.533554102,
R(A)= 0.76396875,

R(As)= 0.634708217,
R(As)= 0.618137562

all

Alternative A, have maximum value of global preference index 0.763968, so A; alternative is

RS Global
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Conclusions. The article is devoted to the problem of multi-criteria decision making for

software selection. The analysis of existing methods for solving this problem is given. The fuzzy AHP
method is used for solving this problem. The issues of practical implementation of this method are
discussed in details.

As test, the problem of software selection problem with 4 criteria and 4 alternatives is

considered. The results of the solution at all stages are presented.
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